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This paper proposes a new design method to create a novel optical element to generate uniform illumination 
within a rectangular area. Based on this model, an illuminated area is irradiated by two sets of rays, the first one 
irradiates the target plane after refraction from the top section of the lens and the second one irradiates from the 
reflection at the side profile of the lens and then refraction at the top part of the lens. The results show that a 
uniformity of over 90% can be achieved.    
  
http://dx.doi.org/10.1364/AO.99.099999 
1. INTRODUCTION  
 
Light emitting diodes (LEDs) are becoming increasingly important in a 
variety of applications because of their increasing efficiency (lumen per 
watt) and to the rapid decline in their production costs [1]. Other 
features of LEDs that compared to other traditional light sources make 
them desirable are: a longer life, lower energy consumption, their 
smaller size and a shorter response time [2]. However, there are still 
some issues related to the use of LEDs for illumination system that 
have to be addressed. This is the case, for instance, in applications such 
as street lighting [3]. This is due to fact that street light luminaires have 
to meet national and international street lighting standards [4]. The 
Lambertian radiation pattern of LEDs, for example, can pose a 
challenge when used for street lighting. This is because they produce a 
circular illumination footprint with higher light density at the centre 
and lower light density at the edge of the illuminated area [5]. 
However, in order to satisfy the standards, the illuminated area should 
have uniform illumination. Moreover, using an LED (without the aid of 
an additional optic) for street lighting increases light pollution and eye 
glare because LEDs irradiate with high divergence. To overcome this 
problem a secondary optic is proposed to redirect the output beam to 
the desired illuminated area. The secondary optic can also be used to 
reshape the illumination footprint.  
 
     Different techniques have been used to design secondary optics in 
order to produce uniform illumination. These techniques include 
simultaneous multiple surface (SMS) [6-8], partial differential equation 
and non-uniform rational B-spline (NURBS) methods [9]. In general, a 
uniformly illuminated area can be achieved by using lenses with either 
a simple structure (e.g. consisting of a single refractive surface) or with 
more complex structures (consisting of reflective and refractive 
surfaces).  
 
    Zhenrong Z. et al. [10] designed a lens based on total internal 
reflection (TIR) at the side profile of the lens. The relationship between 
the rays at the inside and the outside of the lens was defined using Snell 
laws. Then, it was solved by using the Runge-Kutta formula. The results 
demonstrated a 78.6% optical efficiency (transferring light from the 
LED to the target plane) and 78.4% uniformity within a circular area.  
 
   XU et al. [11] designed a smooth freeform lens to produce uniform 
illumination for road lighting by a single refraction on the surface of the 
lens. This lens was designed based on the ideal point source, therefore 
by increasing the size of the light source, uniformity was reduced. Due 
to the output rays’ exit from all over the surface of the lens, it is 
necessary to provide a gap between these lenses to reduce the effect 
from neighbouring lenses. Want et al. [12] presented a discontinuous 
freeform lens to provide uniform illumination within a rectangular 
area. Using a discontinuous surface makes the size of the lens smaller 
than a smooth surface lens. However, uniformity is provided by a 
single refraction on the surface of the lens.  
   
     This research proposes a novel energy mapping method to produce 
an optic. Based on this design uniformity was achieved by transferring 
a specific amount of light flux to a prescribed area. Section 2 explains 
concepts related to non-imaging optics and the main characteristics of 
the Dielectric Totally Internally Reflecting Concentrator (DTIRC) as a 
concentrator. Then, the use of the DTIRC as an illumination system is 
explained. Section 3. A introduces the new energy mapping method to 
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Fig. 3. First set of illumination. a) Schematic view of the ray tracing 
inside the CDTIRO corresponding to the first set of rays. b) Cross 
section of light distribution of the first set of rays at the target plane. 
 
   The angular distribution of LEDs can be either a Lambertian or non-
Lambertian. In this research project, a Lambertian model was chosen 
due to the widespread of the Lambertian radiation pattern of LEDs. 
However, this method can be used for non-Lambertian radiation 
pattern of the LEDs. Total amount of energy of any angular distribution 
of LEDs (Lambertian and non-Lambertian) must be calculated to 
produce uniform illumination.  The position of the desired points on 








     (1) 
 
    Ω is a symbol of the solid angle in Eq. 1. It is used to calculate the 
amount of energy in the volume. Due to a Lambertian radiation pattern 
of the light source ∑ cos ܻఏమఏభ  and ∑ cos ܺ
థ
ఏ  were added to Eq. 1. In Eq. 
1, Y is the variable angle between ߠଵand ߠଶ, and X is the variable angle 
between θ and ߶. Figure 4.b shows the cross section of the second set 
of illumination, which is provided by Eq. 1 to compensate for the non-
uniformity of the first set of illumination, thereby producing uniform 
illumination. The position of the second desired point (rଶ) can be 
calculated in Eq. 2. Based on this relationship, the position of the last 








        (2)  
 
θ can be calculated by following equation: 
 
ߠ = ߤ + ߥ = ߤ + arcsin (௡మ௦௜௡ ఎ௡భ )   (3) 




Fig. 4. Second set of illumination. a) Schematic view of the ray tracing 
inside the CDTIRO corresponding to the 2nd set of rays. b) Cross section 
of the light distribution at the target plane. 
 
Uniform illumination is generated by a combination of the first and 
second sets of rays.  Figure 5 shows the uniformity created by this 
method. This model produces over 90% of uniformity within a circular 
area. 
 
 Fig. 5. Uniformity of illuminance at the target plane produced by the 
combination of both sets of rays. 
 
    This section has described the design process of a CDTIRO to 
produce uniform illumination within a circular area. However, it is 
desirable to provide uniform illumination within a rectangular area for 
street lighting. 
3. DESIGINIG A NOVEL OPTIC TO PRODUCE 
UNIFORMITY WITHIN A RECTANGULAR AREA 
 
This section follows on from the previous method (the CDTIRO 
method) to design the rectangular dielectric total internally reflecting 
optic (RDTIRO) based on the combination of several CDTIROs sections 
to produce a rectangular illumination footprint. Therefore, the main 
concepts and structure of the RDTIRO are similar in those of the 
CDTIRO. In this section, two more descriptions are added to design a 
RDTIRO. They include: (i) the introduction of energy mapping for a 
rectangular area; and (ii) the optimisation on the side profile of the 
optic to increase uniformity within the illuminated area. 
A. Energy mapping to produce uniformity within a rectangular 
area 
 
Figure 6 shows a new energy mapping method that is used to 
design the RDTIRO. As explained above, the concept and the 
illumination method used to produce this optic are similar to 
the ones used to create the CDTIRO. This optic illuminates a 
target plane two times (i.e. there are two sets of rays 
corresponding to (i) only refraction, and (ii) to reflection-
refraction). As it can be seen in Figure 6, one quarter of this 
target plane was divided into eight sections (S1 to S8). The R1 to 
R8 and R1’ to R8’ are curved lines corresponding to the sections 
S1 to S8 and sections S1’ to S8’, respectively. 
 
    In this design model, the side profile of the CDTIROs can be 
designed and calculated based on the length of the R lines. But 
these side profiles of the CDTIROs are rotated by an increment 
of δ in degrees. For example, the first CDTIRO was rotated by δ1 
degrees around the Z-axis on the Y-X plane with the angle 
measured with respect to the X-Z plane, as shown in Figure 6. 
The eight CDTIROs were designed and rotated δ degrees with 
respect to their R lines. The combination of all small section of 
the CDTIROs generates the RDTIRO, the top section of the 
RDTIRO remains as a part of the hemisphere and the 
discontinuous side profile of the RDTIRO is produced by 
combining discrete CDTIROs sections. 
 
     The first set of the rays corresponding to the first quarter of 
the light source (the rays with angle between 0 and ߠ with 
respect to the Z-axis) refract to sections S1 to S8. This is also the 
case of the second set of rays of the first quarter at the light 
source (the rays with angle between ߠ and ߶) which reflect and 
refract to the sections S1’ to S8’ (the third quarter of the target 
plane). For example, the first CDTIRO section in the RDTIRO 
illuminates sections S1 and S1’ in Fig. 6. In this case, the first set 
of rays (angle ߠ that is between 0 and 27) reaches the S1 
section, while the second set of rays (the angle between ߠ and ߶ 
that is between 27 and 85) reaches the S1’ section. In a similar 
way, the first set of the third quarter of the light source 
illuminates the section S1’ to S8’ and the second set of rays 
illuminate the section S1 to S8. 
 
      
 Fig. 6. Energy distribution plan of the target plane, one quarter 
of the target plane has been divided into 8 equal sections. 
 
     In the following example, the RDTIRO was designed for a 7 m 
distance from the light source to the target plane to illuminate a 
rectangular area of 11 m x 7 m. It was assumed that the 
emission surface of an extended light source was 0.89 cm 
diameter with a Lambertian radiation pattern; the maximum 
emission angle with respect to the Z-axis (the ߶ angle) was set 
to 85௢. One quarter of this target plane was divided into 8 equal 
triangular areas. 
     
     In this energy mapping, the R line of the first section (S1) has 
the smallest length. Therefore, the first angular range (0 and ߠ 
angles of section S1) was calculated to be between 0 and 27 
degrees for the top section of the lens. The second angular 
range (ߠ and ߶ of section S1) was then between 27 and 85 
degrees for reflection-refraction. The R line of fifth section has 
the longest length which corresponded to angle ߠ of 39 degrees. 
The design process of the various CDTIROs is similar to the 
described above. These CDTIROs sections produce uniform 
illumination within their triangular areas. 
 
     Despite providing uniformity within the individual 
illuminated sections, this optic cannot provide uniformity on 
the target plane as shown in Figure 7. This non-uniformity was 
generated due to each section of the lens (the CDTIRO cross-
sections of the lens) receiving different amounts of the 
luminous flux from the light source. As it can be seen in Figure 
6, the angles δ are different for each triangular area. The angles 
δ in the energy mapping have larger variations when the 
rectangular area becomes narrower. 
 
     Table 1 shows the portion of the light flux of each segment of the 
RDTIRO. This light flux enters the RDTIRO and after refraction-
reflection reaches the specified section. The section S1 receives 20.44% 
of the light flux from the light source, but the section S5 only receives 
8.38% of the light flux. Figure 7 (a) shows the ray tracing simulation of 
the RDTIRO combined with an extended light source. There is TIR at 
the side profile of the RDTIRO and rays exit at the top section of it. Non-
uniform light distribution was obtained from this optic (see Figure 7 
(b)). The reason of this non-uniform illuminance at the target plane is 
that section S1 received a light intensity 2.4 times higher than section S5 
despite both sections having the same size. 
 
 
Table 1. Distribution of light flux from light source to each section of the 
first quarter of the target plane. 
 
Sections  Light receives  Percentages 
S1  18.4o  20.44% 
S2  15.3o  17% 
S3  11.3o  12.56% 
S4  8.1o  9% 
S5  7.54o  8.385% 
S6  8.8o  9.78% 
S7  9.94o  11.04% 
S8  10.62o  11.8% 




Fig. 7. RDTIRO-LED for rectangular footprint without optimisation (a) 
Ray tracing at the inside and outside of the optic. (b) Light distribution 
at the target plane by ZEMAX simulation. 
B. Optimisation process of the side profile of the RDTIRO 
 
The luminous flux has to be irradiated equally on the target plane in 
order to produce overall uniformity. Due to the fixed shape of the top 
section of the RDTIRO (as a part of a hemisphere), the light distribution 
of the first set of rays cannot be changed. Therefore, uniformity can 
only be obtained by optimising the side profile of the RDTIRO (which 
corresponds to the second set of rays). 
 
    First, the light intensity distribution corresponding to the two sets of 
rays has to be calculated. Then the size of the illuminated area of the 
second set of rays (the eight sections in the third quarter of Figure 6) 
has to be modified with respect to the corresponding luminous flux. 
For this it is necessary to calculate the amount of the luminous flux of 
two sets of rays for each section of the RDTIRO (or CDTIROs segments) 
by Equation 4. This equation requires of two parts to find the amount 
of luminous flux (Φ): (i) the first part (Φଵ) corresponds to the first set 
of rays (0 to θ) and (ii) the second part (Φଶ) corresponds to the second 
set of rays (θ to ߶): 
Φ = ׬ ׬ 2ߨݏ݅݊߶݀߶݀ߜఋ଴
ம
଴ ∑ cos ܺథ଴ = Φଵ + Φଶ =
׬ ׬ 2ߨݏ݅݊ߠ݀ߠ݀ߜ ∑ cos ܺఏ଴ఋ଴
ఏ




ఏ ∑ cos ܺథఏ    (4) 
 
In equation 4, ߜ can be calculated as follows:   
 
ߜଵ = ܣݎܿݐܽ݊( ௑భ௒భర)                                                              (5) 
 
   The illumination of each section can be calculated by the 
following equation, S is the size of the illuminated surface area: 
 
ܧ = ஍ௌ                                                                                                                     
(6) 
 
    For example, ܧଵ or  ஍భୱభ  corresponds to the illumination of the 
first part of the luminous flux on the ଵܵ. 
 
    According to Table 1, sections S1, S2 and S3 receive more than 
50% of the total luminous flux. However, these three sections 
have 37.5% of the total area. In order to reduce the light 
intensity distribution on sections S1’ to S3’, these sections have 
to be expanded when the luminous flux remains unchanged. 
The expansion of sections S1’ to S3’ reduces the section area of 
S4’ to S6’ that increases the light intensity distribution on 
sections S4’ to S6’. Fig. 8 shows the new energy mapping of only 
the first quarter of the illumination system. Sections S1 to S8 are 
the target plane for the first set of rays, whereas sections S1’ to 
S8’ are the target plane for the second set of rays. The first part 
of the illumination (only the refraction section on the 
hemisphere of the CDTIRO) is fixed, therefore the optimisation 
process cannot be carried out on the top of the CDTIRO. The 
optimisation process was only carried out for the second part of 
the illumination. Therefore, after the optimisation process, the 
sections of the first part of the illumination (S1 to S8) remain 
unchanged, whilst the sections of the second part of 
illumination (S1’ to S8’) were changed. 
 
     To increase uniformity, an iterative algorithm was used to 
change the position of the boundary of sections S1’ to S8’. The 
calculation process was carried out by using Equations 4 and 5. 
The border of the section S1‘ to S8’ has to be changed until the 
ratio of the luminous flux and the corresponding section area is 
the same for all sections. The extreme ray of the first section 
(the ray with angle δ1 with respect to the OY-axis) has to be 
reflected and then refracted toward the new R2’ line, which is 
the new boundary line between sections S1’ and S2’ (see Figure 
8). Therefore, the light flux within the angle δ1 will be 
distributed on a new section S1’. 
 








Fig. 9. Ray tracing for the optimisation of the side profile of the RDTIRO. 
a) Side view, b) Top view c) Back view. 
 
    The new R2’ line was moved towards section S2’ to expand 
section S1’ as shown in Figure 8. In order to transfer the ray 
toward the new expanded area, the P curve (or the side profile 
of the lens) has to be tilted to change the direction of the 
normal vector on the side profile of the lens. This change 
modifies the angle between the emitted rays from the light 
source and the normal vector. 
 
     Figure 9 shows three different views of the ray tracing at the 
inside of the optic. Figure 9 (a) shows the ray tracing at the 
inside and outside of the optic from the cross section with the 
relevant normal vectors. On this diagram Ray 1 represents the 
ray emitted from the light source to the side profile of the optic 
and Ray 2 the ray reflected from the side profile of the lens 
toward the top section of the optic. Ray 3 represents the ray 
refracted to the target plane after refraction on the top section. 
 
    When Ray 2 reaches the top section of the optic, there is an 
angle between the Ray 2 and the normal vector of the top 
section of the lens after rotation of the side profile of the 
RDTIRO. Figure 9 (b) shows the ε and ζ angles which are 
refraction angles. Angle ε is the angle between Ray 2 and the 
normal vector at the inside of the optic; and angle ζ is the angle 
between ray 3 and the normal vector of the top section at the 
outside of the optic. Finally, the Ray 3 with an angle ζ forms the 
R2’ line at the target plane. If it does not reach the new target 
area (the new division of section S1’) it is possible to adjust the 
side profile of the RDTIRO. This modification changes the angle 
λ and ν to refract the Ray 3 to the desired points with a new 
angle ζ. 
     
   Figure 9 (c) also shows the ε and ζ angles between Rays 2 and 
3 with respect to the normal of the top section of the lens 
respectively. The process of rotation of the side profile of the 
lens was carried out until the extreme ray with angle δ of the 
first section formed the new line R2’ on the new target plane. 
The same process has to be accomplished for other parts of the 
lens for transferring the light flux to the desired sections 
according to the new energy mapping. The relationship 
between the rays 2, 3 and N (N is the normal vector on the 
surface) is shown in Equation 7. These three vectors are related 
through Snell’s laws: 
 
݊௢ × ܴܽݕ3 − ݊ூ × ܴܽݕ2 =
ඥ[݊௢ଶ + ݊ூଶ − 2 × ݊ூ × ݊௢ × (ܴܽݕ2 × ܴܽݕ3)] × ܰ                     (7) 
 
    Where n0 and nI indicate the refractive indices of the outside media 
and of the lens, respectively. n0 is assumed to be 1 for air. 
 
     Figure 10 shows the light distribution on the target plane that results 
from the use of the optimised RDTIRO with an LED. Figure 10 was 
obtained from the optical analysis software ZEMAX. Over 90% 
uniformity was obtained within the rectangular area; this was 
achieved by optimising the side profile of the RDTIRO. The use of an 
extended light source leads to the creation of the transition 
illumination area between the uniformly illuminated area and the 
unilluminated area. The size of this section is directly proportional to 
the size of the light source with respect to the size of optic. Therefore, 
the transition area becomes larger by increasing the size of the light 
source or decreasing the size of the optic. There are two methods 
available to produce uniformity using an extended light source. Firstly, 
when the size of an optic is five times larger than the size of a light 
source, the light source acts as a point light source. However, if the size 
of the optic is not large enough to compensate for the extended light 






Fig. 10.  Footprint of the RDTIRO from software simulation: (a) Light 
distribution at the target plane. (b) 3-D Light distribution at the target 
plane. 
C. Illumination footprint from the RDTIRO prototype 
 
The illumination footprint of an RDTIRO prototype was obtained 
experimentally and compared to the one obtained from the software 
simulations. For the experimental work the same parameters (the 
same size of the light source, and optic) were as those used in the 
simulations were employed. Initially, the CDTIRO was designed based 
on a point source. However, an extended source was combined with 
the RDTIRO in the simulation and the experiment. Using an extended 
source does not affect the uniformly of illumination as long as the optic 
is sufficiently large with respect to the LED. The CREE Xlamp LED with 
0.89 cm diameter and a Lambertian radiation pattern was used in this 
experiment. Figure 11 shows two photographs of the RDTIRO 
prototype. The computer numerical control (CNC) machining method 
was used to produce this RDTIRO due to its high flexibility of 
manufacturing. The polymethyl methacrylate (PMMA) material was 
chosen for manufacturing the RDTIRO. The PMMA material is a highly 
transparent thermoplastic polymer (92% transparent) with a 1.49 
index of refraction at 589.3 nm. The height, length and width of the 
optic are 32 mm, 40 mm and 30 mm, respectively. 
 
     For the experiments the illumination system was located at 1 
m distance from the target plane. The size of the footprint and 
the light distribution obtained from the experimental work are 
very similar to the ones obtained from the simulations. Figure 
12 shows the irradiance distribution of the LED-RDTIRO on the 
target plane. The light intensity was measured on the black 
marks on the target plane. The sensor of a lux meter was placed 
on the black marks facing towards the light source to take the 
lux measurements. Uniformity is defined as the ratio of the 
minimal illuminance over the area’s weighted average 
illuminance (ܷ = ୉୫୧୬୉ୟ୴ୣ ). Over of 90% uniformity was achieved 
by this optic. The phenomena that affects the optical efficiency 
of a lens can be organised into two groups. First group: 
absorption in the lens material, reflections at any of the lens 
faces, losses due a large number of grooves and their draft 
angles, high-angle Lambertian scattering at the interfaces, etc. 
Light affected by these parameters is simply lost. Second group: 
the characteristics that affect the spectral and spatial irradiance 
distribution at the lens focus: chromatic aberration, low-angle 
scattering due to surface quality, lack of flatness or other 
manufacturing errors, and temperature effects. The optical 
efficiency of the RDTIRO is over 90%. 
 
    The RDTIRO was designed to be placed at the top in the 
centre of the illuminated area to produce a uniformly 
rectangular area. It has been designed for the Type I street 
lighting. It can also be used for other type patterns; however, 
uniformity will be reduced. A change in the top sections of the 
RDTIRO from a hemisphere to freeform surface is required in 
order to use the newly designed RDTIRO for the Type IV street 
lighting pattern. Maximum divergence of the output beam is 







Fig. 11. RDTIRO Prototype: (a) Size comparison of the RDTIRO 
prototype with respect to the LED used and a £1 coin; (b) Top view of 
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